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Thepropulsive force generatedby the leading-edge suction of aflapping thin airfoil canbe obtainedusing unsteady

aerodynamic notions based on the potential flow theory. Because the potential theory fails to predict the viscous

forces, for flapping airfoils, in general there exists a net propulsive force generation. For low Reynolds numbers and

for oscillations at low reduced frequencies, however, the viscous forces overcome the propulsive forces to give a net

force against the flight direction. In the case of higher Reynolds numbers, flappings with large amplitudes, and high

frequencies, the leading-edge suction force generated by the airfoil overcomes the viscous forces. In this study, the

critical Reynolds number, the amplitude, and the reduced frequency values that yield the net propulsive force for an

oscillating airfoil are predicted with unsteady viscous–inviscid interaction. The airfoil motions are modeled as 1) a

thin rigid plate in vertical oscillation, that is, a heaving–plungingmotion; 2) aflexibly cambered airfoil whose camber

is changing periodically; and 3) the heaving–plungingmotion of a flexibly cambered airfoil. The leading-edge suction

force for all cases is predicted by means of the well-known Blasius theorem, and the time dependent surface velocity

distribution of the airfoil is determined byunsteady aerodynamic considerations. This surface velocity distribution is

used as the edge velocity of theunsteadyboundary layer to predict the viscous effects. The coefficient of the propulsive

force predicted with the present method agrees well with the values given in the literature up to the effective angle of

attack at which the dynamic stall takes place.

Nomenclature

a = airfoil camber
a� = maximum camber
b = half chord
C = chord
C�k� = Theodorsen function, F�k� � iG�k�
Cp = pressure coefficient
CTid = ideal averaged force coefficient
cd = drag force coefficient
cF = propulsive force coefficient
cf = skin friction coefficient
cs = suction force coefficient
cT = averaged propulsive force coefficient
h = heaving–plunging parameter
�h� = dimensionless amplitude
i = index in the x direction
j = index in the y direction
n = index in time
Re = Reynolds number
k = reduced frequency
S = leading-edge suction force
s = reduced time
U = freestream velocity
Ue = edge velocity
u = horizontal component of velocity
v = vertical component of velocity in the viscous region
w = downwash
za = camber equation
� = angle of attack
�d = dynamic stall angle
�e = effective angle of attack
�a = bound vortex
�a = surface vortex sheet strength

�w = wake vortex sheet strength
�t = time step
�x = step in the x direction
�y = step in the y direction
� = boundary-layer thickness
� = kinematic viscosity
� = density of the air
! = vorticity, angular frequency
!o = surface vorticity

I. Introduction

T HE concept of creating a propulsive force with flapping wings,
undoubtedly, is derived from the examples existing in nature for

hundreds of millions of years [1,2]. In recent decades, this concept
has been widely exploited because of the continuing increase in
demand for the aerodynamic design of micro air vehicles (MAVs)
[3,4]. The aerodynamic forces generated by the heaving–plunging
motion of a thin airfoil submerged in a freestream can be obtained by
means of the famous Blasius theorem [5], whose extended versions
can be found in [6,7]. The aerodynamic force generated in the
direction normal to the flight is the lifting force. The force created in
the direction of the flight while flapping is due to the leading-edge
suction, and it is responsible for sustaining the forward flight. The
unsteady aerodynamic considerations, on the other hand, tell us that
the aerodynamic response of an airfoil to an unsteady motion has a
certain phase lag and amplitude reduction for the forces and the
moments. The measure of this phase lag and the amplitude reduction
are given by a complex function called the Theodorsen function [8].
It is the property of the Theodorsen function that, with increasing
frequency, the phase lag and the amplitude reduction also increase. In
addition, for higher frequency values, the apparent mass term
becomes high and creates a significant noncirculatory lifting force
that has a 90 deg phase lag with the airfoil motion.

For heaving–plunging airfoils, the unsteady potential theory
predicts a propelling force for the entire range of reduced frequency k
[7]. In real life, however, there is always a drag force that consists of
skin friction and the form drags against the propelling force. The
value of the flapping frequency and its amplitude play an important
role for the propulsive force in overcoming the drag force [4]. It is
shown in this study that theReynolds number also plays a critical part
in that role in obtaining a net propulsive force. In that respect, below
the critical values, the viscous forces overcome the leading-edge
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suction force; therefore, the very idea of the generation of a
propulsive force with wing flapping fails. In this study, using the
concept of the viscous–inviscid coupling, a series of solutions are
obtained to predict the lower bounds for flapping frequency,
amplitude, and the Reynolds number, which gives a net propulsive
force. In this context, the unsteady boundary-layer equations are
solved numerically with a method similar to that given in [9,10] to
predict the viscous effects on the oscillating thin airfoil. The
boundary-layer theory gives meaningful results only for the attached
flow regions. The flow separation prevents the further application of
the boundary-layer concept. The flow separation may occur at low
angles of attack for static stall cases [11]. For the case of dynamic
stall, however, the separation occurs at higher angles with the
increase of flapping frequency [12]. Therefore, the boundary-layer
theory remains applicable for a wide range of angles of attack.
During the last decade, the full Navier–Stokes equations were
employed as computational fluid dynamics tools to study the
flapping airfoil problem [13], for which very fine time and space
resolutions are demanded. The viscous–inviscid coupling approach,
however, needs comparably less computational time while giving
agreeable results with those of [13] before the dynamic stall
occurrence. The demand for computer time and storage increases
much more when performing meaningful parametric studies for the
computation of the time-dependent aerodynamic coefficients with
deforming grids for flexible airfoil flapping. The current status of the
research on flexible airfoil flapping is provided in [4].

In this study, three different types of flapping motion of a thin
airfoil to obtain net propulsive force will be considered. First, the
heaving–plunging of a rigid airfoil will be studied for calibration
purposes. After calibration, the propulsive force generated by the
periodic changing of a camber of a flexible airfoil and the heaving–
plunging of a flexibly cambered airfoil will be considered as the
second and third cases, respectively. For both studies, the leading-
edge suction force as well as the edge velocity for the unsteady
boundary layer will be provided from the unsteady potential theory.
In the following sections, the theoretical as well as the numerical
formulation based on the velocity–vorticity formulation for deter-
mining the skin friction will be given. The comparison of the results
with the existing literature will be discussed. Finally, the conclusions
based on the numerical results obtained will be provided.

II. Formulation

The formulas for the theoretical evaluation of leading-edge
suction forces for a thin airfoil heaving plunging in a free stream
(Sec. II.A) with a flexible camber that changes periodically
(Sec. II.B) and the simultaneous motion given with these two
(Sec. II.C) are derived from the unsteady aerodynamic
considerations.

A. Heaving–Plunging Airfoil

The sectional propulsive force S, created by the leading-edge
suction of a vertically oscillating airfoil, is given by

S��2��� _hC�k��2 (1)

Here, h��h� cos�!t� is the time variation of the height of the
vertical oscillation, (_) denotes the derivative with respect to time, and
C�k� is the Theodorsen function whose real part is given byF�k� and
imaginary part is given by G�k�, where k� !b=U is the reduced
frequency [8]. The derivation of Eq. (1) is given in the Appendix via
Eqs. (A3), (A4), and (A7). If we denote the reduced time by
s�Ut=b, wherein b is the half-chord, then the coefficient of the
sectional propulsive force reads

cs � S=��U2b� � �2�k2�G�k� cos�ks� � F�k� sin�ks��2 �h�2 (2)

wherein �h� � h�=b is the nondimensional amplitude of the vertical
oscillation. Figure 1 shows all the parameters involved in the
oscillation, the bound vortex �a, and the vortex sheet strength at the
wake �w.

The corresponding nondimensional surface velocity distribution
for the airfoil is obtained from Eq. (A8) of the Appendix, as follows:

Ue�s�=U� 1	 �F�k� sin�ks�

�G�k� cos�ks��k �h�
���������������������������������
�1 � x�=�1� x�

p
(3)

where� stands for the upper surface,� stands for the lower surface,
and x is the nondimensional surface coordinate running between�1
and�1. Equation (3) is obtained via the normalization of Eq. (A8) of
the Appendix.

B. Airfoil with a Flexible Camber

In this case, the thin airfoil is representedwith a camber linewhose
equation, for simplicity, is given as

za�x; t� � �a�t�x2=b2; a�t� � a� cos�!t�

Here, a� is the amplitude of the parabolically varying camber
geometry of the airfoil as shown by the dashed lines in Fig. 1. The
sectional suction force coefficient for the cambered airfoil using
Eqs. (A3), (A4), and (A11) reads as

cs ��2���F � 1 � Gk=2� cos�ks� � �G� Fk=2 sin�ks���2 �a�2

(4)

The corresponding surface velocity distribution this time is given by
Eq. (A12) as

Ue
U
� 1	 f��1� 2x� F� � Gk=2� cos ks

� ��G� �x� x2 � F=2�k� sin ksg �a�
������������
1 � x
1� x

r
(5)

wherein �a� � a�=b is the nondimensional amplitude of the camber.
The surface velocity distributions given by Eqs. (3) and (5) are

used as the edge velocities for the unsteady boundary layer whose
equations are going to be provided in the next section.

C. Heaving–Plunging Airfoil with a Flexible Camber

The suction force is obtained with Eqs. (2) and (4) and the edge
velocity is provided by Eqs. (3) and (5) combined.

III. Boundary-Layer Equations

As is well known, the boundary-layer equations are obtained from
the Navier–Stokes equations through some simplifying assumptions
based on the fact that there is no flow separation from the surface of
the airfoil [14]. Another assumption is that the order of the terms in
themain flow direction and the gradients perpendicular to the surface
are always high and, therefore, cannot be neglected. The pressure
gradient term on the boundary-layer equations is imposed from the
potential flow. However, there is a more convenient form of the
boundary-layer equations in which the pressure term does not appear
explicitly if they are expressed in a velocity–vorticity formulation.
Furthermore, with the velocity–vorticity formulation, the equations
cast in moving–deforming coordinates attached to the airfoil take a
simple form if there is only rigid body translation [15] and/or if there
is a negligible rotation in movements involving flexibility. The finite
difference discretization of the boundary-layer equations, on the
other hand, is made in such a way that at a given time level the
vorticity values are obtained implicitly from the x component of the
momentum equation while marching from station to station. At each
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Fig. 1 The vertically oscillating flexible airfoil and its wake region.
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station, from the definition of vorticity, the u component of the
velocity is calculated by integration and the continuity equation is
solved explicitly to obtain the v component of the velocity vector.
The velocity–vorticity formulation of the boundary-layer equations
and the numerical formulation for the discretization are provided in
Secs. III.A and III.B, respectively.

A. Velocity–Vorticity Formulation

The definition of the vorticity vector!� r ^ v from the velocity
field v in two dimensions gives the equations for the velocity–
vorticity formulation expressed in body-fixed coordinates [15] as
follows:

r :v� 0 (6)

D!

Dt
� �r2! (7)

Here, ! is the z component of the vorticity vector expressed in the
inertial frame of reference. The open and nondimensional forms of
Eqs. (6) and (7) simplify for the boundary-layer flows about flexible
airfoils as obtained in the Appendix with Eq. (A18) to become

@u

@x
� @v
@y
� 0 (8)

and

@!

@t
� u @!

@x
� v @!

@y
� 1

Re

@2!

@y2
(9)

wherein all independent and dependent variables are made
nondimensional with respect to the freestream speedU and the chord
c. Re is the Reynolds number based on the freestream speed, the
chord, and the kinematic viscosity. Furthermore, using the boundary-
layer concept, one can simplify the definition of vorticity to read

!�� @u
@y

(10)

which will be used in evaluating the u component of the velocity by
integrating the vorticity values at a given station. Another useful
expression is the thin airfoil surface skin friction formula, which in
nondimensional form reads as the sectional skin friction coefficient:

cf ��
2

Re
!o (11)

where !o is the surface vorticity value measured in the inertial frame
of reference. The integral of Eq. (11) along the upper and lower
surfaces gives the viscous drag coefficient, cd, opposing the
propulsive force.

B. Numerical Formulation

The boundary-layer equations given in Sec. III.A are discretized
with finite differencing. Accordingly, Eq. (9) is discretized on a
Cartesian grid with finite steps of�t in time and�x and�y in space.
If we use forward differencing in time and in the x directions, and
central differencing in the y direction, the discretized form of Eq. (9)
then reads as

!ni;j � !n�1i;j

�t
��un�1i;j

!ni;j � !ni�1;j
�x

� vn�1i;j

!ni;j�1 � !ni;j�1
2�y

� 1

Re

!ni;j�1 � 2!ni;j � !ni;j�1
��y�2 (12)

where the superscript n denotes the new time level, and subscripts i
and j denote the discrete point in x and y, respectively. To solve
Eq. (12) for the new time level n at a given station i, the vorticity
values at the surface and the edge of the boundary layer must be
known. The edge vorticity along the boundary layer at the last point J

is set to !i;J � 0, and the surface vorticity !i;o is calculated with the
numerical integration of Eq. (10) using the trapezoidal rule at a
station i with respect to y as follows:

Ueji ��
Z
�

0

! dyji ��
�
!i;o=2�

XJ�1
j�1

!i;j

�
�y (13)

Rearranging Eqs. (12) and (13) and casting the result in matrix form,
with Eq. (13) being the first row, we obtain

1=2 1 1 : 1

a2 d2 c2 : :
: a3 d3 c3 :
: : : : :
: : : aj dj

2
66664

3
77775

!i;o
!i;1
!i;2
:

!i;J�1

0
BBBB@

1
CCCCA
n

�

�Ue=�y
b2
b3
:
bJ

0
BBBB@

1
CCCCA
n

i

(14)

Here, Eq. (14) contains the vorticity values as unknowns that are, at a
given station, asmany as J, and the elements of the coefficient matrix
and the right-hand side vector are known from the old time level
values of the velocity and vorticity field exceptUe, which is provided
by Eq. (3) or Eq. (5) at a new time level. These values, for
j� 2; . . . ; J, read

aj ��vn�1i;j�1
�t

2�y
� �t

Re�y
2
; cj � vn�1i;j�1

�t

2�y
� �t

Re�y
2

bj � !n�1i;j � un�1i;j !
n
i�1;j

�t

�x
; dj � 1� un�1i;j

�t

�x
� 2�t

Re�y
2

Equation (14) is a tridiagonal matrix equation except in the first row.
The direct inversion of Eq. (14) is made with the Sherman–Morison
formula [16] to calculate the vorticity values at any station. Once the
vorticity values are determined at the station i, theu component of the
velocity at a discrete point i; j is obtained by integrating Eq. (10) as
follows:

ui;j ��
Z
yj

0

! dyji ��
�Xj�1
m�1
�!i;m�1 � !i;m�=2

�
�y

j� 2; . . . ; J (15)

So far, at a station i along the boundary layer, the vorticity and the u
component of the velocity values are determined. To complete the
marching process, the v component of the velocity is computed from
the continuity equation, Eq. (8), as follows:

vni;j � vni;j�1 �
�y

2�x
�ui;j � ui;j�1 � ui�1;j � ui�1;j�1�n; j� 2; J

(16)

To obtain the expression given with Eq. (16), the averaged u values
uL and uR, as shown in Fig. 2, are used for the numerical
differentiation in the x direction, that is, @u=@x� �uR � uL�=�x,
and @v=@y� �vi;j � vi;j�1�=�y in the y direction. The grid points
involved in the discretization of the continuity equation, Eq. (8), at
point i; j � 1

2
, are shown in detail in Fig. 2.

i,j-½ 

i,j 

i,j-1 

i-1,j

i-1,j-1

∆x

∆y
uL=(ui-1,j+ui-1,j-1 u 2/) R=(ui,j+ui,j-1)/2

Fig. 2 Discretization for the continuity equation at point i; j � 1
2
, mesh

size�x and �y.
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IV. Solution Procedure

The net propulsive force of an oscillating thin rigid or flexible
airfoil is calculated using the equations given in Secs. II and III in the
following steps inwhich the unsteady aerodynamic viscous–inviscid
coupling is considered.

1) The time-dependent suction force coefficients, cs, are
calculated with Eq. (2) and/or Eq. (4).

2) The time-dependent edge velocity,Ue, is computedwith Eq. (3)
and/or Eq. (5).

3) At a given time level n and for a station i along the boundary
layer, the vorticity values are computed by solving Eq. (14) with the
known values of the edge velocity and the other relevant parameters.

4) The velocity components u and v at a station i are calculated
with Eqs. (15) and (16), respectively.

5) The surface skin friction coefficient at the station i is computed
with Eq. (11).

6) The solution is marched stationwise in i for the time level n.
7) The integral of the surface skin friction coefficient, found in

step 5, along the surface gives the drag, cd.
8) The net propulsive force coefficient at the time level n is

calculated as the difference between the suction force coefficient
found in step 1 and the drag force coefficient in step 7.

9) Steps 3–8 are repeated until the desired number of oscillations
are achieved,

10) Finally, the time averaged value of the propulsive force
coefficient, cT , is obtained by the timewise integration of the result
found in step 8 over a representative time period.

V. Results and Discussion

The solution procedure described in Sec. IV based on the viscous–
inviscid interaction is first tested to determine the net propulsive
force created by a heaving–plunging thin airfoil. After the
calibration, the procedure is first applied to obtain the propulsive
force of a flexible cambered airfoil that has only its camber amplitude
periodically changing in time and then applied to study themotion of
an airfoil for which the heaving plunging and the camber flexibility
are combined.

A. Heaving–Plunging Airfoil

The heaving–plunging airfoil in a freestream ofU has the periodic
vertical motion given with

h��h� cos�!t� (17)

The sectional suction force given by Eq. (2) and the drag force
obtained by the integration of the skin friction coefficient, Eq. (11)
together give the time variation of net propulsive force coefficient.
The timewise integration of the net propulsive force coefficient over
a representative time period, on the other hand, provides us with the
average propulsive force produced by the oscillation. During the
vertical oscillation given by Eq. (17) in a freestream U, the relative

vertical air velocity component reads as � _h. This results in an
effective angle of attack, �e, which is experienced by the airfoil, as
follows:

�e � tan��� _h=U1� (18)

As mentioned before, in order for the viscous–inviscid interaction
approach to be valid for the external flows, there should not be a flow
separation. Therefore, one has to be cautious about a critical angle of
attack beyondwhich the flow separates and causes airfoil to stall. It is
also known that for the same airfoil the static stall occurs at lower

angles of attack than the dynamic stall depending on the reduced
frequency k of the oscillations. The relation between the angles for
static stall �s and the dynamic stall �d is given in [12] as follows:

�d � �s ���� �s � 0:3
���
k
p
�180=�� (19)

For example, the static stall angle of attack for the NACA 0012 is
12 deg and, if it is oscillating with the reduced frequency k� 0:4, the
dynamic stall angle of attack, according to Eq. (19), then becomes

�d � 12 deg�0:3
���
k
p
�180=�� � 12 deg�10:88 
 23 deg

(20)

The angle obtainedwith Eq. (20), therefore, dictates that the effective
angle of attack �e, given with Eq. (18), should be less then 23 deg in
order for the flow around theNACA 0012 not to separate. If we insist
on using viscous–inviscid interaction approach for the separated
flow case, then the propulsive force coefficients will be
overestimated. This fact was observed during the calibration studies
made for the NACA 0012 airfoil heaving plunging with a reduced
frequency of k� 0:4 and aReynolds number of 105. The comparison
of the results with [13], for various dimensionless amplitudes
�h� � h�=b, are given in Table 1.
According to Table 1, the averaged propulsive force coefficient

computed with the present method overestimates the values when
compared with [13], in which a full Navier–Stokes solver is

employed. The reason for this overestimation, almost 10% for �h� �
0:8 and 1.0, before the occurrence of dynamic stall, is mainly the
effect of the form drag, which is neglected because of thin airfoil
assumption. The overestimation, on the other hand, is more than

100% for the case of �h� � 1:2, in which the effective angle of attack,
�e � 25 deg, is greater than the �d � 23 deg dynamic stall angle,
which means the flow has separated and there is a definite loss in the
propulsive force generated by flapping. Also given in Table 1 are the
corrected CT values for the NACA 0012 airfoil. The corrections are
made for the thickness effect on the edge velocity and are based on
the theory given by [17]. The corrected CT values indicate that, for
the low effective angles of attack, the agreement with the Navier–
Stokes solution is very good.

After the calibration, various parametric studies are performed for
the heaving–plunging airfoil to determine the effect of the reduced
frequency of oscillation, the amplitude, and the Reynolds number on
the propulsive force before the occurrence of dynamic stall. The
variation of the averaged propulsive force coefficient, cT , for

different amplitudes of �h� � 0:2, 0.4, and 0.6 is given in Figs. 3a–3c,
respectively. Figure 3a indicates that, for �h� � 0:2 to create a net
propulsive force, the Reynolds number must be greater than 103 and
the reduced frequency must be greater than 1.2. If the value of the

amplitude is doubled, that is, for �h� � 0:4, according to Fig. 3b, for
the reduced frequency values greater than 0.5, net propulsive force is
obtained even for a Reynolds number of 103. Furthermore,

increasing the value of �h� to 0.6 gives a net propulsive force for a
wide range of reduced frequencies, that is, k > 0:3, and Reynolds
numbers,Re > 103, as shown Fig. 3c. Close examination of Figs. 3b
and 3c indicate that when the amplitude is high, a 1 order-of-
magnitude increase in Reynolds number, that is, from 104 to 105, has
very little effect on the value of the propulsive force coefficient.

B. Airfoil with a Flexible Camber

The equation za for the time-dependent camber motion for the
parabolic and flexible cambered thin airfoil is given by

Table 1 Averaged propulsive force coefficient cT at k� 0:4 and Re� 105

�h� cT , present cT , corrected cT , [13] �d � �s ���, deg �e � tan��� _h=U1�, deg
0.8 �0:129 �0:119 �0:118 23 18
1.0 �0:205 �0:195 �0:176 23 21
1.2 �0:298 �0:288 �0:134 23 25
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za�x; t� � �a�t�x2=b2; a�t� � a� cos�!t�; �1 � x � 1

(21)

The sectional suction force coefficient is computed by Eq. (4), and
the drag force coefficient is calculated again by the integration of the
skin friction coefficient given by Eq. (11) along the upper and lower
surfaces of the airfoil. The timewise variation of the suction force,
drag force, and the net propulsive force coefficients are shown in
Figs. 4a and 4b with respect to the varying Reynolds number and
camber amplitude and the reduced frequency of the camber
oscillation.

According to Figs. 4a and 4b, for a higher Reynolds number,
camber magnitude, and reduced frequency, the averaged propulsive
force coefficient is higher. For the low Reynolds number case,
Fig. 4a, the suction force cs barely overcomes the skin friction drag
cd to give an averaged propulsive force coefficient of cT ��0:0055.
The higher Reynolds number flow case, as shown in Fig. 4b, creates
sufficient suction force to overcome the viscous effects to give an
almost 1 order-of-magnitude higher propulsive force coefficient of
cT ��0:0395. A detailed inspection of Figs. 4a and 4b indicates that
the viscous effects on the periodicity of the suction and the
propulsive forces are very little whereas the viscous effects shift the
propulsive force coefficients toward the positive side, whichmeans it
reduces the amplitude of the propulsive force.

Results of the parametric studies for the flexible cambered airfoil
are shown in Figs. 5a and 5b as the variation of the propulsive force
coefficient with respect to the varying dimensionless camber
amplitude of �a� � a�=b, Reynolds number, and the reduced
frequency k. Figure 5a indicates that, to have a propulsive force, the
camber, based on the chord length, must be more than 5% even at a
Reynolds number of 105 for the reduced frequency ranges between 1
and 2. According to the same figure, a 50% increase in camber
amplitude can increase the propulsive force three- or fourfold for the
same Reynolds number for the same reduced frequency range.
Increasing the camber amplitude to 10%, Fig. 5b, doubles the
propulsive force compared with the propulsive force obtained with
Fig. 5a for �a� � 0:15. Another interesting result shown in Fig. 5b is
that, for aReynolds number of 104 and �a� � 0:2, the propulsive force
increases almost linearly with respect to the reduced frequency.

The real positive effect of the flexible camber in forward flight is
the delay of the flow separation by means of reducing the relative
angle of attack [18] while lowering the camber properly, as shown in
Fig. 1. In addition to affecting the overall performance of the flight,
the flexible camber also contributes about 10% to the propulsive
force, as shown in Figs. 4 and 5.

C. Heaving–Plunging Airfoil with a Flexible Camber

As the last case study, an airfoil with a flexible camber undergoing
heaving–plunging motion is considered. The combined equation of

Fig. 3 Variation of the averaged propulsive force coefficient cT with the reduced frequency k and theReynolds numberRe: a) �h� � 0:2, b) �h� � 0:4, and

c) �h� � 0:6.

Fig. 4 Time variation of propulsive force coefficient cF � cs � cd for the flexible cambered airfoil: a) Re� 104, �a� � 0:15, k� 1:5, �t� 0:01; and
b) Re� 105, �a� � 0:2, k� 2,�t� 0:005.
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motion is given as follows:

h��h� cos�!t� (22a)

and

za�x; t� � �a�t�x2=b2; a�t� � a� cos�!t� �=2�
�1 � x � 1

(22b)

As seen from Eqs. (22a) and (22b), there is a 90 deg phase lag
between the heaving plunging and the time-dependent camber
change. This provides us with an effective angle of attack that is less
than the dynamic stall angle. The effective angle of attack for the
combined motion is determined at the leading edge of the airfoil as
follows:

�e � tan���� _h�waLE�=U1� (23)

wherewaLE is the downwash at the leading edge caused by the time-
dependent camber change.

Shown in Fig. 6 is the time variation of the force coefficient plots
for the flexible airfoil at Re� 104 and k� 1 for three different
maximum camber ratios: 1) �a� � 0:05, 2) 0.1, and 3) 0.15. The
corresponding averaged force coefficients are found as
1) CT ��0:3265, 2) �0:3316, and 3) �0:3398, respectively. The
ideal averaged force coefficients and the computed values are
compared in Table 2 at associated effective angles of attack all less
than the corresponding dynamic stall angle, which is 29 deg.
According to Table 2, tripling the camber ratio from 5 to 15% results
in only a 4% increase in the averaged force coefficient, that is, from
�0:3265 to �0:3398. This shows that increasing the camber ratio

Fig. 5 Variation of averaged propulsive force coefficient cT for a flexible cambered airfoil: a) �a� � 0:1, 0.15; and b) �a� � 0:2.

Fig. 6 Time variation of the propulsive force coefficients for heaving–plunging flexible airfoil atRe� 104, k� 1, and�t� 0:01: a) �a� � 0:05, b)�0:10,
and c) �0:15.

Table 2 Thrust coefficients for different �a� at Re� 104, �h� � 0:6, and k� 1

�a� CT CTid �d, [11], deg �e � a tan��� _h�waLE�=U1�, deg
0.05 �0:3265 �0:3433 29 27
0.10 �0:3316 �0:3505 29 23
0.15 �0:3398 �0:3625 29 18
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does not produce a significant overall propulsive force increase for
the case of a flexibly cambered airfoil undergoing heaving–plunging
motion.

During all computations, the unsteady motion of the airfoil is
started impulsively from rest. For the unsteady boundary-layer
calculations, an equally spaced 2 � 10 � 10 grid is employed.
Usually, the step size �x� 0:1 is kept constant. Depending on the
value of the Reynolds number, �y and �t values are changed to
0.04, 0.01, and 0.005 for Reynolds numbers of 103, 104, and 105

respectively. Because the grid size is small, there is no need to be
concerned about the memory requirements. Needless to say, the
computational and data processing requirements are considerably
small even on a PC compared with the CPU time and memory
requirement usingNavier–Stokes solvers. In particular, the estimates
for CPU time requirements are very high for the flexible airfoil
studies based on a moving–deforming grid.

VI. Conclusions

A method based on unsteady viscous–inviscid interaction is
developed to determine the propulsive force generated by a flapping
thin airfoil. The results are satisfactory, especially with the thickness
correction, when compared with an existing similar study that
implements a full Navier–Stokes solver. Because the boundary-layer
approach is used here, the results obtained are meaningful before the
occurrence of dynamic stall, which is delayed with the increase in
reduced frequency.

The oscillatory pure camber change used here not only provides
extra propulsive force for high Reynolds numbers and high
amplitudes, but also prevents the flow separation by reducing the
effective angle of attack.

The viscous effects obtained by the unsteady boundary-layer
solution show very little alteration to the oscillatory behavior of the
net propulsive force. They only reduce the amplitude of the leading-
edge suction force obtained by the unsteady aerodynamic theory.

The study of the combined motion of a heaving–plunging airfoil
with a periodically changing camber shows that the increase in the
averaged propulsive force with the increase in maximum camber
ratio is not so significant because the major contribution is due to
heaving plunging. Therefore, it is possible to get sufficiently high
propulsion with reasonable camber flexibility.

For future work, the aerodynamic efficiency and its optimization
with respect to the maximum camber location for the heaving–
plunging motion of a flexibly cambered airfoil can be studied with a
constraint on the effective angle of attack to obtain higher propulsive
forces without confronting dynamic stall.

Appendix: Unsteady Suction and Viscous Forces

The leading-edge suction force, the boundary-layer edge velocity,
and the vorticity transport equation for an oscillating rigid and/or
flexible thin airfoil are obtained using the quasi-unsteady
aerodynamic approach as follows. The lifting pressure coefficient,
cpa, and the normalized perturbation velocity component in the x
direction, u0=U, are related to each other by factor of 4 for the quasi-
unsteady analysis in which the effect of the apparent mass term is
neglected [19]. Using this fact for the simple harmonic motion of the
thin airfoil whose equation is given by za � za�x; t� � �za�x�ei!t, the
approximate value of the amplitude of the edge perturbation velocity
�u0=U in terms of the amplitude of the lifting pressure �cpa reads as

�u0

U



�cpa�x�; k�
4

� 1

�

��������������
1 � x�
1� x�

r Z
1

�1

��������������
1� ��
1 � ��

s
�w����d��
�x� � ���U

� 1

�
�1 � C�k��

��������������
1 � x�
1� x�

r Z
1

�1

��������������
1� ��
1 � ��

s
�w����d��
U

(A1)

where k is the reduced frequency, and �w�x� � i!�za �U@ �za=@x is
the amplitude of the downwash w. The corresponding time-
dependent edge velocity then becomes

�Ue=U��x; k; t� � 1	 � �u0=U��x; k�ei!t (A2)

where � corresponds to the upper and � corresponds to the lower
surfaces of the thin airfoil, respectively.

The leading-edge suction force S for an oscillating airfoil is given
in [7] as follows:

S�����P2 � �L� (A3)

Here,L is the sectional lift, and� is the angle of attack.P, on the other
hand, reads as

P� lim
x�!�1

�
1
2
�a

��������������
x� � 1
p �

(A4)

The relation between the surface vortex sheet strength �a and u
0 is

given in [19] as �a � 2u0, where u0 is provided by (A1). In Eq. (A3),
the � sign indicates that the propulsive force is against the
freestream.

Using Eq. (A2), the boundary-layer edge velocity and, with
Eqs. (A3) and (A4), the leading-edge suction force can be obtained
for a flapping rigid and/or flexible airfoil.

I. Heaving–Plunging Thin Airfoil

The most general expression for the simple harmonic motion for
this case will be given with real and imaginary parts as follows:

za�x; t� � h� h�ei!t � h��cos!t� i sin!t� (A5)

The downwash expression w�w�x; t� then reads

w�x; t� � @za
@t
�U @za

@t
� _h� i!h�ei!t (A6)

After noting that the Theodorsen functionC�k� � F�k� � iG�k�, the
real part of P in Eq. (A4) becomes

P��
���
2
p
�F sin!t�G cos!t�!h� (A7)

which corresponds to the real part of h, that is, h� h� cos!t. Now,
Eq. (A7) is used in Eq. (A3) to obtain the suction force.

Similarly, if we consider the real part of the motion and use
Eq. (A6) as the downwash expression in Eq. (A1), after proper
integrations [17,20], we get the boundary-layer edge velocity as
follows:

Ue �U	 �F sin!t�G cos!t�!h�
��������������
1 � x�
1� x�

r
(A8)

II. Flexible Thin Airfoil

Here, the camber of the airfoil is considered flexible so that the
value of the maximum camber changes periodically by time. The
equation of the camber line whose maximum camber is db distance
away from the origin can be approximated by a cubic polynomial, as
shown in Fig. A1.

x*

-1
1

*a−  *a−

d

z

Fig. A1 Flexible camber line geometry for maximum camber of a�
�a� cos!t
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The equation of the camber line for Fig. A1 reads as

za�x; t� � a� cos!t
�
� 2d

�d2 � 1�2
x3

b3
� 3d2 � 1

�d2 � 1�2
x2

b2

� 2d

�d2 � 1�2
x

b
� 3d2 � 1

�d2 � 1�2 � 1

�
(A9)

For the sake of simplicity, if a parabolically varying camber line is
considered, then d� 0 gives

za�x; t� � �a� cos!tx2=b2 (A10)

We can find the general expression for the vortex sheet strength and
obtain the value ofPwith (A1). The real part of the resulting equation
gives

P�
���
2
p
��FU=b � U=b � G!=2� cos!t

� �GU=b� F!=2� sin!t�a� (A11)

Now, the boundary-layer edge velocity can be obtained by
evaluating the integrals in Eq. (A1) to give

Ue �U	 f��1� 2x� � F�U=b � G!=2� cos!t

� ��GU=b� �x� � x�2 � F=2�!� sin!tga�
��������������
1 � x�
1� x�

r
(A12)

These formulas can be cast into nondimensional forms using the
definitions of reduced frequency k� !b=U and reduced time
s�Ut=b.

III. Boundary-Layer Equations for Flexible Camber

The velocity–vorticity formulation for the body-fixed coordinate
system can be obtained for two-dimensional flows as follows. Let
x–y be the noninertial body-fixed coordinate system attached to the
body, as shown in Fig. A1. The continuity equation expressed in the
noninertial frame of reference retains its form, and the horizontal, x,
and vertical, y, momentum equations [21] for theu and v components
of the velocity in their open forms read as

@u

@t
� u @u

@x
� v @u

@y
�� @p

@x
� 1

Re
r2u� 2�v ��2x� _�y

(A13a)

and

@v

@t
� u @v

@x
� v @v

@y
�� @p

@y
� 1

Re
r2v � R00 � 2�u��2y � _�y

(A13b)

Here, � is the variable angular rotation due to the varying camber
flexibility in the x direction, and R00 is the acceleration, only in the
vertical direction for our problem, of the noninertial coordinate
system with respect to a fixed coordinate system.

If we differentiate Eq. (A13a) with respect to y and (A13b) with
respect to x, and subtract the former from the latter, we obtain

@!0

@t
� u @!

0

@x
� v @!

0

@y
� 1

Re
r2!0 � 2u

@�

@x
� y @�

2

@x
� 2 _� � x @

_�

@x

(A14)

where !0 � @v
@x
� @u

@y
is the vorticity value expressed in the noninertial

frame. We need the inertial frame vorticity, !, to obtain the surface
friction from the vorticity. The relation between the velocity vector v
in the noninertial system and V in the inertial system reads as

v � V ��k ^ �xi� yj� � V ���yi � xj� (A15)

where i, j,k are the unit vectors in the x; y; z directions, respectively.
Applying the definition of vorticity, that is,!� r ^ v, to Eq. (A15)
in the x–y coordinate system, the relation between the vorticity in the

noninertial system and the inertial system becomes

!0 � ! � 2� � x @�
@x

(A16)

Substituting Eq. (A16) into Eq. (A14) gives

@!

@t
� u @!

@x
� v @!

@y
� 1

Re
r2! � 2

Re
r2

�
�� x @�

@x

�
� y @�

2

@x

(A17)

The boundary-layer assumption simplifies the first term and lets us
omit the last term on the right-hand side of Eq. (A17). The second
term on the right-hand side of Eq. (A17) vanishes for a parabolically
cambered airfoil. The working equation in the boundary layer for the
vorticity transport then becomes

@!

@t
� u @!

@x
� v @!

@y
� 1

Re

@2!

@2y
(A18)

For the first-order approximation, the boundary-layer coordinate
system s–n, with nmeasuring the normal distance to the surface and
s measuring the distance along the boundary from the forward
stagnation point, can be represented with x–y coordinates [14].
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